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A method to construct the exact solution of the PDE is presents, which combines the two 
kind methods(the nonhnear transformation and RQ(Reduction the PDE to a Quadrature problem) 
method) .The nonlinear diffusion equation is chosen to illustrate the method and the exact solutions 
are obtained. 

Seeking the exact solutions of the nonlinear PDE (Partial Differential Equation) play an important role in the 
T-H ■ nonlinear problems, a number of methods have been developed, such as, Inverse Scattering theory [1], but in some 
' cases[2,3], these methods cannot do very well. So the simple and direct methods to find analytic solutions of PDE have 
. drawn a lot of interest, for example, Hirota's bilinear methods[4], the truncated Painleve expansion [5, 6], homogeneous 
' balance method[7,8], reduction the PDE to a quadrature problem[9], the hyperbolic tangent function-series method[10] 
bJO: and etc. 

^ In the sense of the seeking solutions, these direct methods can be divided into two kinds, one kind bases on 

the nonlinear transformation, such as, Hirota's bilinear methods bases on the Hirota transformation, by using the 
transformation the nonlinear PDE becomes the bilinear forms, then seeking the solution of the bilinear forms leads to 
obtain the solution of the origin PDE. The truncated Painleve expansion bases on the Painleve expansion, by using 
the leading-order analysis a set of Painleve-Backlund equations are obtained, then seeking the solution of the set of 
I""!' Painleve-Backlund equations leads to obtain the solution of the origin PDE. The homogeneous balance method gives 
, the nonlinear transformation based on a simple program, by using the transformation a set of equations are obtained, 
• then seeking the solution of the set of equations leads to obtain the solution of the origin PDE. And the special 
nonlinear transformation can be given for the special nonlinear PDE. 

Another kind of method bases on the direct ansatz of the solution, most of those methods are applied to seek 
the travelling wave solution, such as, the hyperbolic tangent function-series method and Reduction the PDE to a 
Quadrature problem(RQ method). In generalized, the nonlinear PDE is written as 



< 



> 

(N 
O 
00 
O 



> 



X 



P{u,Ux,Ut,Uxx,Uxt,Utt, ) = 0. (1) 

Introducing the similarity variable S, — x — vt, the travelling wave solutions u(^) — u{x — vt) satisfy 

P'{u,u^,u^^, )=0. (2) 

The hyperbolic tangent function-series method makes the ansatz, 

rn 

= II«»(*«"M&0)\ (3) 

i=0 



where the velocity v, the integer m, the real a.i and h are parameter to be determined, inserting the ansatz into the 
equation(2), a set of the nonlinear algebra equations of these undetermined parameters are obtained, solving it, the 
solution of the equation(l) is obtained. Reduction the PDE to a Quadrature problcm(RQ method) is an interesting 
5— i method for looking for the travelling wave solutions, the essence of the method can be presented in this way: First, 
giving a ansatz for -j^u{x,t), namely. 
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uj = ^a,K^'(0, (4) 

i=0 

where a^, bi are undetermined constants (usually N < 3), substituting the formula (4) into the equation (2), when the 
suitable constants a^, bi are chosen, the equation (2) becomes a identical equation. Then solving the equation (2) 
becomes to solve the equation (4), it's obviously the solution of the equation (4) can be obtained just by integration. 

This paper try to combine the two kinds of methods to solve the nonlinear PDE. The first step, the origin PDE 
is transformed into other equations by a nonlinear transformation, then RQ method is applied to these equations to 
obtain the exact solution. Here 1-1-1 D nonlinear diffusion equation is chosen, 

ut - Uxx + P{u) = 0, (5) 
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to illustrate this method, where « is a real scalar field defined over the spatial x and temporal t, P{u) = ^ aiu^ is a 

i=0 

polynomial of u, for most of physical problems require d < 5, we choose 

d 

P{u) = OjU* = oo + a\u + a2U^ + asu^ + a^u^ + a^u^, (6) 

where are parameters. When ao = 03 = 04 = 05 = 0, the equation(5) becomes the Fisher equation. When 
oo = 02 = (14 = 05 = 0, the equation(5) becomes the Newell- Whitehead equation (also known as the Kolmogorov- 

Pctrovsky-Piskimov equation) . This paper is organized as follows. In Sec II, the fisher equation is discussed, combining 
the truncated Painlevc expansion and the RQ method, the exact sohition of the fisher equation is obtained. In Sec 
III, the equation ut — Uxx + o,iu + a2U^ + a^u^ + aiU^ = and equation ut — Uxx + oq + aiu + a^^u^ = are discussed, 
combines a special transformation for the equation and the RQ method, the exact solutions of these equations are 
obtained. In Sec IV, the fifth order the NW(KPP) equation is discussed, combines a special transformation for the 
NW equation and the RQ method, the exact solution of the NW equation is obtained. In Sec V, the main conclusions 
are listed. 

1. In this section, the Fisher equation is discussed, which is 

""t ~ + au + bu^ = 0. (7) 

Taking the truncated Painleve expansion, 

/ 

u{x,t) = f{x,t)-'J2u{x,t)if{x,ty, (8) 
1=0 

where / is a natural number to be determined, u{x,t)i is analytic functions. The leading-order analysis for the 
equation(7) yields 7 = 2, so that 

, , U2(x,t) Uiix.t) , , , , 

Substituting (9) into (7) with Mathematica, making the coefiicients of like powers of vanish, so as to obtain the 
following set of Painleve- Backlund equations, 

: aui + 2buoUi + uu - uixx = 0; 
/"^ : bul + au2 + 2buoU2 - ui/t + U2t + ^fxUix + uifxx - U2xx = 0; , . 

f-^ : buiU2 - U2ft - uifl + 2fxU2x + W2/xx = 0; ^ ' 

/-4 : bu2 - 6/2 = 0. 



Here uo{x,t) satisfied 

uot-uoxx + a.\Uo + a2ul = Q, (11) 

which has the similar from of the equation (7), thus the set of the equations (9)-(ll) constitutes an auto-Backlund 

transformation. It's obviously, the equations(ll) have a trivial solution uo{x,t) = 0. Based on the trivial solution, 
introducing the similarity variable = x — vt, and taking the following ansatz 

/'(0="/(0+A (12) 

where a and /3 are undetermined parameters. Substituting (12) into the equations (10), choosing a = %o? . v = —5a, 
the equations (10) become identical equations, then the equation(12) can be solved just by integration. So the solution 
of the equation (7) is 

, , 6ce"^a3(cae"^ -2/3e5"'*) ^ ^ 

u{x,t) = — • (13) 

2. In this section, the equation ut — Uxx + aiu + 02^^ + aaw'^ + a^u'^ = and equation Ut — Uxx + ao + oiu + a^u^ = 
are discussed. The first equation is given 
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Ut — Uxx + au + bu^ + cu^ + du^ = 0. (14) 
A transformation for equation(14) is introduced 

u{x,t) = ^p%-u^{x,t), (15) 

substituting the formula(15) into the equation(14) with Mathematica, make the coefHcients of Uke powers of f{x,t) 
vanish, so as to obtain the following set equations, 

/-§ -.ag- 2bguo + Scgu^ - Adgu^ + gt - gxx = 0, 

4 Q 

/~ 3 : b — 3cuo + Bduo = 0; 

/"^ : gft - '2gxfx - gfxx = 0; (16) 
/~3 : c — Muq = 0; 
/-§ : 9dg^ - 10/J = 

and uo{x, t) satisfied the equation 

uot - uoxx + auo + bul + cuq + du^ = 0, (17) 

which has the similar from of the equation (14), thus the set of the equations (15)-(17) constitutes an auto-Backlund 
transformation. It's obviously, the cquations(17) have a trivial solution uo{x,t) = 0. Based on the trivial solution, 
introducing the similarity variable = x — vt, and taking the following ansatz 

/'(0 = "/(0+/3/(0', (18) 

a 2 

where a and (3 are undetermined parameters. Substituting (18) into the equations (16), choosing a = g^^^ i b= 

a = V = The equations (16) become identical equations, then the equation(18) can be solved just by 

integration. So the solution of the equation (14) is 

U= . (19) 

l^e<=i-e»(»=+''*)/3 J 

The second equation is 

Ut — Uxx + au + du'^ = 0, (20) 

the transformation (15) is workable for the equation(20). The auto-Backlund transformation can be obtained similarly. 
Based on the trivial solution uo{x,t) = 0, introducing the similarity variable ^ = x — vt, and taking the following 
ansatz 

/'(0 = « + /?/(0, (21) 
where a and /3 are undetermined parameters. Choosing a = — v = then the solution of the equation (20) is 

10 1/ cie'3(-+^)/3 \'' 



(22) 



3. The fifth order the NW(KPP) equation is discussed as follow: 

Ut — Uxx + au + cu^ + eu^ = 0. (23) 
A transformation for equation(23) is introduced 

u{x,t) = ^^^ + uo{x,t), (24) 
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substituting the forinula(24) into the equation(23) with Mathematica, make the coefficients of Uke powers of f{x, t) 
vanish, so as to obtain the fohowing set equations, 



/ ^ :ag + Sc^ug + 5egu^ + gt - 9xx = 0, 
/-I : 3c + m-ml = 0, 

/- i : 2c<f + 2{)eg^ul - gft + 2f,g, + gf,, = 0, (25) 

: 5eg'^uo — 0, 
/-i :4e/-3/J = 0. 



and uo{x,t) satisfied the equation 



uot - uoxx + auo + cul + eul = 0, (26) 



which has the similar from of the equation (23), thus the set of the equations (24)-(26) constitutes an auto-Backlund 
transformation. It's obviously, the equations(26) have a trivial solution UQ{x,t) = 0. Based on the trivial solution, 
introducing the similarity variable ^ = x — vt, and taking the following ansatz 

= +/?/(?)', (27) 

where a and (i are undetermined parameters. Substituting (27) into the equations (25), choosing 



V = i(2\/3^-4a+f - x/Sc^i), 
a= i(-\/3c^-v). 



(28) 



the equations (25) become identical equations, then the equation(27) can be solved just by integration. So the solution 
of the equation (23) is 



u(x,t) = i—)-^ J (29) 

In conclusion, a method to construct the exact solution of the PDE is presented in this paper, which combine 
the two kind methods (the nonlinear transformation and RQ method). The 1+1 D nonlinear diffusion equation arc 
discussed as example to show this method. When the parameter ai in the equation(6) take four kinds of value, the 
four equations are discussed. For every equation, the auto-Backlund transformation of it is presented. 
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